Introduction
Suppose that V is a vertex operator algebra (VOA). One of the axioms for a VOA is that V is a module for the Virasoro algebra Vir, and in particular there are operators L(0), L(1), L(−1) in Vir which generate a copy of the Lie algebra sl 2 (C) represented on V. The purpose of present paper is to study VOAs as modules for sl 2 , and more generally, to study twisted V -modules as modules for sl 2 .
Our interest in this was stimulated by two sources: the calculations of McKay and Strauss [MS] on the decomposition of an initial segment of the Moonshine module into simple Monster modules, and the results of Li [Li] on VOAs. These paper are related as follows. Among other things, Li establishes that the operator L(−1) is almost an injection. (See Section 2.4 for a precise statement; the results are probably well-known to experts.) Li's result applies in particular to the Moonshine module V [FLM] with its usual decomposition into L(0) -eigenspaces (called "head characters" of the Monster M in [MS] ), V = V 0 ⊕ V 2 ⊕ · · · . It implies that there are M -invariant injections V n → V n+1 ( n = 0 ) which are induced by L(−1). One can plainly see this effect in the decompositions of [MS] .
In this paper we will show dually that L(1) is almost surjective. When applied to V , for example, we obtain decompositions V n+1 = L(−1)V n ⊕ ker(L(1)|V n+1 ) of M -modules valid for all n. These decompositions seem to be not generally known to group-theorists.
We also obtain analogues for twisted V -modules. Thus, for example, one expects decompositions similar to the above for the action of the Baby Monster on a certain Z 2 -twisted V -module, though the module in question has at this time not been constructed rigorously.
The properties of L(−1) and L(1) mentioned above have consequences for the action of L(0), L(1), L(−1) = sl 2 on V and its twisted modules. In fact, any twisted V -module is a direct sum of indecomposable sl 2 -modules M (µ) (Verma modules), P (µ) (projective modules), M (0) (the dual module of M (0) ) and C (the trivial module) in the category O defined by Bernstein-Gelfand-Gelfand. These are explored in Sections 2 and 3.
In Section 4, we study vertex operator algebras with different Virasoro elements and we also construct a family of simple vertex operator algebras V with the properties that V 0 is not one-dimensional and V n = 0 for some negative n. 
Injectivity of L(−1)
2.1. Vertex operator algebras. For the readers' convenience, we briefly recall the definition of a vertex operator algebra and certain properties. (See [B] , [FLM] and [FHL] for details.)
A vertex operator algebra is a Z -graded vector space:
(1) dim V n < ∞ for all n and V n = 0 for n << 0 equipped with a linear map
and with two distinguished vectors 1 ∈ V 0 , ω ∈ V 2 satisfying the following conditions for u, v ∈ V :
u n v = 0 for n sufficiently large;
(Jacobi identity) where δ(z) = n∈Z z n is the algebraic formulation of δ -function at 1 and all binomial expressions, for instance, (z 1 − z 2 ) n (n ∈ Z) are to be expanded in nonnegative integral powers of second variable z 2 . The Jacobi identity is interpreted algebraically as follows: if this identity is applied to a single vector of V then the coefficient of each monomial in z 0 , z 1 , z 2 is a finite sum in V ;
for m, n ∈ Z, where
This completes the definition. We denote the vertex operator algebra just defined by (V, Y, 1, ω) (or briefly, by V ). The series Y (v, z) are called vertex operators.
Remark. The finiteness condition (1) is essential for our main result, although many of the consequences do not need this condition.
Twisted modules.
An automorphism g of the vertex operator algebra V is a linear automorphism of V preserving 1 and ω such that the actions of g and Y (v, z) on V are compatible in the sense that
for v ∈ V. Then gV n ⊂ V n for n ∈ Z. Furthermore, if g acts diagonally on each V n with eigenvalues in the unit circle S 1 :
where V r n is the eigenspace of g in V n with eigenvalue e 2πir , we call g unitary. In this case V = r∈[0,1) V r with an obvious notation V r . Note that any automorphism of V of finite order is always unitary.
We also have the notion of g -twisted module generalizing that defined in [FFR] and [D2] where g is of finite order. Let (V, Y, 1, ω) be a vertex operator algebra and g be a unitary automorphism of V. A g -twisted module M for V is a C -graded vector space:
for n ∈ C, and, M n+λ = 0 for each fixed λ ∈ C and n ∈ Z sufficiently small; equipped with a linear map
(where for any vector space W, we define W {z} to be the vector space of Wvalued formal series in z, with arbitrary real powers of z ) satisfying the following conditions for u, v ∈ V , w ∈ M , and r ∈ [0, 1) :
v l w = 0 for l ∈ R sufficiently large;
This completes the definition. We denote this module by (M, Y M ) (or briefly by M ).
The following are consequences of the definition
Remark. From (3), (4), (5) and (7) we find that if v ∈ V is homogeneous, then v n has weight wt v − n − 1 as an operator, that is, v n : M λ → M λ+wt v−n−1 . In particular, L(n) has weight −n.
Remark. If g = 1, we obtain the ordinary module notion for the vertex operator algebra (V, Y, 1, ω) in the precise sense of [FLM] . In the rest of the paper, when we say twisted modules, we will include the ordinary modules.
Clearly, V is a V -module and it is called the adjoint module. A simple Vmodule M is defined to be a V -module in which 0 and M are the only submodules. A vertex operator algebra is simple if it is a simple module for itself.
2.3. Contragradient twisted modules. Let (V, Y, 1, ω) be a vertex operator algebra and (M, Y M ) be a g -twisted V -module for a unitary automorphism g. The contragradient module M is defined as follows: For each n ∈ C , let M n be the dual vector space of M n and M = ⊕ n∈C M n . Consider the natural pairing [FHL] , [X] ), and we have
For an ordinary V -module M , it is proved in [FHL] that the natural identification M → (M ) is actually a V -module isomorphism. This result is also true for g -twisted modules with the same argument.
2.4. Let g be a unitary automorphism of V and M be a g -twisted V -module. An element w ∈ M is called vacuum-like if (8) v n (w) = 0 for all v ∈ V and 0 ≤ n ∈ R.
In particular, all vacuum-like elements are in M 0 and killed by L(−1) as one sees by considering the element v = ω and n = 1 and 0 . The following lemma was proved in [Li] for vacuum-like elements in ordinary modules.
Lemma. Let M be a twisted V -module. An element w ∈ M is vacuum-like if and only if L(−1)w = 0 .
Proof:-The proof is basically the same as in [Li] . Suppose that L(−1)w = 0 . For each r ∈ [0, 1) , take any element v ∈ V r (if there are any) such that Y (v, z)w = 0 . Then there exists k ∈ r + Z such that v k w = 0 and v n w = 0 for all n ∈ R such that n > k . Using the derivative property
and v k+1 w = 0 . In particular, v n w = 0 for all n ∈ R and n ≥ 0 .
Remark. If r = 0 , then k + 1 = 0 for all k ∈ r + Z . The proof of the lemma shows that Y M (v, z)w = 0 for all v ∈ V r with r = 0 and any vacuum-like element w .
Corollary. Let V be a vertex operator algebra. Then L(−1) gives an Aut(V ) -module embedding from V n to V n+1 for n = 0.
Remark. Recall from [FLM] that the moonshine module V is a vertex operator algebra whose automorphism group is the Monster simple group M. The corollary above asserts that V n is an M -submodule of V n+1 if n = 0. This is consistent with the computation [MS] for the first few characters of V . We shall obtain a refinement of this result in the next section.
3. sl 2 -structure of modules for a vertex operator algebra
, and Y = L(−1) . Under this correspondence, the L(0) weight λ corresponds to the Hweight −2λ for any λ ∈ C . The simple root and the fundamental weight of sl 2 corresponds to the L(0) -weight −1 and − 1 2 respectively. For consistency, we will use the L(0) weight throughout this paper. For an sl 2 -module M , M λ means the L(0) weight space corresponding to the weight λ . However, when we say highest weight we mean the highest H -weight with respect to the root system of sl 2 .
For the Lie algebra sl 2 , the category O , as defined by Bernstein-Gelfand-Gelfand in [BGG] , consists of all sl 2 -modules N such that a) N is finitely generated over the universal enveloping algebra U (sl 2 ) , b) N is a direct sum of Heigenspaces and each eigenspace is finite dimensional, and c) L(1) acts on every element of N nilpotently. For each λ ∈ C , the Verma module
is in O and any module generated by an element v with L(0)v = λv and L(1)v = 0 is a quotient of M (λ) . M (λ) has a unique irreducible quotient V (λ) and every simple module in O is isomorphic to one of the V (λ) 's. Let Z be the center of the enveloping algebra U (sl 2 ) . Z acts on V (λ) via a central character χ λ : Z → C. χ λ = χ µ if and only if µ = −λ + 1 by the Harish-Chandra Theorem [H1, 23.3] . If two simple modules V (λ) and V (µ) appear in the same indecomposable module as composition factors, then χ λ = χ µ and λ − µ ∈ Z . For all λ ∈ C , we have V (λ) = M (λ) unless λ ∈ 1 2 Z and λ ≤ 0 (corresponding to the dominant H -weights). For the exceptional λ , M (λ) has exactly two composition factors V (λ) , which is finite dimensional, and V (−λ + 1) . We will use P (λ) to denote the projective cover of V (λ) . We have P (λ) = M (λ) unless λ ∈ 1 2 Z and λ > 1 2 . For the exceptional λ , P (λ) has three composition factors with V (−λ + 1) being in the middle and V (λ) as the simple quotient and simple submodule. There is an exact contravariant functor (called duality functor [CI] 
For more properties about the category O , we refer the reader to [H2, I] . For the exceptional λ 's, we have
Each twisted module M for a vertex operator algebra (V, Y, 1, ω) is automatically a module for the Lie algebra sl 2 . Note that M satisfies the conditions b) and c) but fails to satisfy the finite generation condition a). For one can see that, apart from the trivial module, all other "highest weight" simple modules of the Virasoro algebra are not finitely generated over U (sl 2 ) since the dimension of the weight space of weight n approaches infinity as n approaches infinity. However, for each given λ ∈ C , the sl 2 -submodule of M generated by M λ is in the category O . Although the module M is far from being finitely generated over U (sl 2 ) and thus not in O , M is a union of submodules which are in O .
Lemma. As sl 2 -module, M is a direct sum of (infinitely many) indecomposable modules in the category O .
Proof:-Since the module M is not finitely generated, one cannot simply use the Krull-Schmidt theorem. We shall see that the proof for the category O still works. Let Z be the center of the universal enveloping algebra U (sl 2 ) . M can be regarded as a Z -module. For each central character χ : Z → C , we define
Then M χ is an sl 2 -submodule of M and M = ⊕ χ M χ . The latter holds since M λ is Z -invariant and finite-dimensional for each λ ∈ C . Next we will show that each M χ is in the category O , so that we can apply the Krull-Schmidt theorem to refine the direct sum decomposition of M with each component being in O . Note that each module in O has a composition series. For a given central character χ , suppose λ and −λ + 1 both define χ . Let T (λ) be the sl 2 -submodule of M χ generated by
χ is a union of modules in O . Let N be any sl 2 -submodule of M χ such that N is in O . Then N + T (λ) is a submodule of M χ and also in O . Therefore, any composition factor of N + T (λ) has to be isomorphic to either V (λ) or V (−λ + 1) . However, (N + T (λ))/T (λ) has no weights λ and −λ + 1 , and thus has no composition factor isomorphic to either V (λ) or V (−λ + 1) . Hence (N + T (λ))/T (λ) has to be 0. This shows that
3.2. We now discuss the sl 2 -indecomposable components of M . Since L(−1) is injective and L(1) is surjective at M λ with λ = 0 , then any sl 2 -direct summand of M will also have the same property. In particular, this is the case for each indecomposable component N of M . Proof:-Since N is in the category O and indecomposable, there exists λ such that N λ−n = 0 for n ∈ C unless n ∈ Z . In fact N has to belong to a central character χ λ for some λ . Furthermore, we can choose λ such that N λ = 0 and N λ−n = 0 for all n ∈ Z and n > 0 . We discuss the possibilities of λ :
2 . In this case, the Verma modules M (λ) and M (−λ + 1) are the only two irreducible composition factors of N . Both of them are projective modules as well by BGG-reciprocity. Thus any non-zero quotient map from N to a simple module splits and gives a direct sum decomposition. Thus N is isomorphic to M (λ) or M (−λ + 1) .
(ii) λ ∈ 1 2 Z and λ < 0 . The finite-dimensional simple module V (λ) and the simple Verma module M (−λ + 1) are the only two simple modules in the category O with the central character χ λ . They are therefore the only two possible composition factors of N . Note that M (−λ + 1) 0 = 0 and the operator L(−1) kills no non-zero vector in V (λ) 0 . This shows that L(−1) acts on N injectively by assumption. Therefore, the sl 2 -submodule T (λ) generated by N λ has to be isomorphic to a direct sum of copies of the Verma module M (λ) with quotient being a direct sum of copies of the simple Verma module M (−λ+1) . By properties of the Verma module M (λ) , we have L(1)T (λ) −λ+1 = 0 . However, −λ = 0 , and L(1) maps N −λ+1 onto N −λ . This shows that there exists an element v ∈ N −λ+1 such that L(1)v = 0 and v generates a submodule isomorphic to the projective cover P (−λ + 1) of the simple Verma module M (−λ + 1) . This projective module is self-dual in the sense of [CI] and therefore is injective. Thus N has a direct summand isomorphic to P (−λ + 1) . This shows that N is isomorphic to P (−λ + 1) .
(iii) λ ∈ 1 2 Z and λ ≥ 1 . There are only two irreducible modules V (λ) and V (−λ + 1) in the category O with central character χ λ . Since L(−1) acts on N injectively, the sl 2 -submodule generated by N λ is a direct sum of the Verma module M (λ) and the quotient has no composition factor with the central character χ λ . Thus N has to be isomorphic to a direct sum of Verma modules and therefore is isomorphic to the simple Verma module M (λ) .
(iv) λ = 0 . In this case the only possible composition factors of N are the trivial module V (0) and the simple Verma module M (1) . For any subquotient Q of N as sl 2 -module and v ∈ Q µ with µ > 1 , we have L(1)v = 0 . This means that L(1) : Q µ+1 → Q µ has to be injective for µ > 0 . In particular, L(1) : N µ+1 → N µ is a linear isomorphism for µ > 0 . By comparing dimensions and using the injectivity of L(−1) on N µ with µ > 0 , we conclude that L(−1) : N µ → N µ+1 is an isomorphism for all µ > 0 . If L(1)N 1 = 0 , we fix a v ∈ N 1 such that L(1)v = 0 . Let T be the sl 2 -submodule of N generated by v . We claim that T is an injective module in the category O . Therefore, we have N = T . Indeed, if L(−1)L(1)v = 0 , then the argument is the same as in case (ii) and T is isomorphic to the projective cover P (1) of the simple Verma module M (1) . Then P (1) is self-dual and injective. If L(−1)L(1)v = 0 , L(1)v generates the one-dimensional trivial submodule and its quotient by T gives the simple Verma module M (1). Thus T is isomorphic to the dual of the Verma module M (0), which is projective. Thus T is injective and N is isomorphic to T .
(v) If the condition is the same as in (iv) except that we have
T 0 is already an sl 2 -submodule (trivial). Let T 1 and K 1 be the sl 2 -submodules generated by T 1 and K 1 respectively. Then L(−1) acts on both T 1 and K 1 injectively. Since any possible H -weights of N/( T 1 + K 1 + T 0 ) are larger than 1 , this quotient has to be zero since it belongs to the central character χ 0 . Thus we have N = T 1 + K 1 + T 0 . We now show that this is a direct sum. It is enough to show that it is a direct sum on each weight space. It is a direct sum of the weight spaces N 0 and N 1 by definition since all the generators are maximal vectors (i.e., killed by L(1) ). The direct sum decomposition follows from the fact that L(−1) : N µ → N µ+1 is an linear isomorphism. Since N 0 = 0 , we have either T 0 = 0 or T 1 = 0 . Now the indecomposibility of N shows that K 1 = 0 and N is isomorphic to either T 1 , which is a single copy of the Verma module M (0) , or T 0 , which is the one-dimensional trivial module.
Corollary. As a module for sl 2 , a twisted V -module M is a direct sum of
* , and the trivial module C .
An element w of a twisted
He proved that any QP-generated simple vertex operator algebra V has no negative weights, i.e., V n = 0 for all negative integers n . We will adopt his terminology and call a twisted
Theorem. For a vertex operator algebra V , a twisted V -module M is QPgenerated if and only if M n = 0 for all n ∈ 1 2 Z with n < 0 and L(1)M 1 = 0 . Proof:-Note that M is QP-generated if and only if each sl 2 -indecomposable component is QP-generated. Suppose that M is QP-generated. Let us fix a direct sum decomposition of M into indecomposable sl 2 -modules. Assume that there exists 0 > n ∈ 1 2 Z such that M n = 0 . We can take n to be the minimal such number. Then there exists an indecomposable component N of M such that N n = 0 and N m = 0 if m < n . Note that the weights of N are in n + Z . By the proof of Proposition 3.2(ii), N is isomorphic to P (−n + 1) . Thus the sl 2 -submodule T (n) generated by N n is a Verma module which contains all quasi-primary vectors in N . Thus N cannot be generated by the quasi-primary vectors in N as sl 2 -module, and we must have M n = 0 for all n ∈ 1 2 Z with n < 0 . If L(1)M 1 = 0 , there exists an indecomposable sl 2 -component N such that L(1)N 1 = 0 . By what we just proved above, 0 is the smallest weight of N . Now by Proposition 3.3(iv) N is isomorphic to either the projective module P (1) or the dual of the Verma module M (0) . In both cases, N is not generated by the quasi-primary vectors.
Conversely, if M n = 0 for all n ∈ 1 2 Z with n < 0 , then for any sl 2 -indecomposable component N of M , case (ii) of Proposition 3.2 does not occur. The condition L(1)M 1 = 0 also rules out case (iv) of Proposition 3.2. Thus any component N has to correspond to one of the cases (i), (iii) or (v) . In each of these cases, N is generated by the quasi-primary vectors. Therefore M is QP-generated.
Corollary. A vertex operator algebra V is QP-generated if and only if V has no negative weights and L(1)V 1 = 0 .
Proof:-Note that a vertex operator algebra has only integer weights.
3.4. Proposition. Let V be a vertex operator algebra and M a twisted Vmodule. Assume that n ∈ C satisfies one of the following:
Then there is a decomposition:
Proof:-We decompose M into a direct sum of indecomposable sl 2 -modules. It is enough to show that the result holds for each indecomposable component. 
* , then similar arguments give the decomposition of N n for n = 0 and n > 1 . However, the decomposition of N 1 fails in these two cases. If N = C , the result is trivial. Now the result follows from Corollary 3.2.
Change of Virasoro elements
4.1. Weight one subspace and Virasoro elements. Let (V, Y, 1, ω) be a vertex operator algebra. Our goal in this section is to change the Virasoro element ω to ω such that (V, Y, 1, ω ) is again a vertex operator algebra. Of course, the rank and the gradation will change accordingly. The reader can refer to [Lian] for a discussion of how to construct a Virasoro element for a pre-vertex operator algebra. Let u ∈ V 1 be a lowest weight vector for the Virasoro algebra, that is, L(n)u = 0 for all n > 0. We also assume that
for some λ ∈ C * . Then from the Jacobi identity (2), the component operators
It is straightforward to verify from (10) and (11) that the operators L (m) satisfy the Virasoro algebra relation with central charge rank V − 12λ :
In general, (V, Y, 1, ω ) is not a vertex operator algebra. In fact, V may not be a direct sum of eigenspaces of L (0); and if it is, the finiteness condition and boundedness condition (1) may not hold. Thus we need an additional assumption on u : u 0 is semi-simple in the sense that V is a direct sum of eigenspaces of u 0 . Since L(0) and u 0 are commutative by (10), each V n is a direct sum of u 0 -eigenspaces. For convenience we set
We have
Proposition. Let (V, Y, 1, ω) be a vertex operator algebra and let v ∈ V 1 be a lowest weight vector such that (9) holds. Suppose that u 0 is semi-simple with only integer eigenvalues on V, dim V m < ∞ for all m ∈ Z , and V n = 0 if n ∈ Z is sufficiently small. Then (V, Y, 1, ω ) is a vertex operator algebra of rank equal to rank V − 12λ.
4.2. Examples of simple vertex operator algebra with nonzero subspace of negative weights. It was originally believed in [D1] and [Li] that any simple vertex operator algebra has the properties: a) the subspace of negative weights is zero, b) the subspace V 0 is one-dimensional. In fact it is proved in [Li] that a simple vertex operator algebra V which is QP-generated in the sense of Section 3.3 has properties a) and b). However, one should notice from Theorem 3.3 that the condition that V is simple is not essential, although the QP condition is essential at least for the property a). Unfortunately, we found counter-examples when we were trying to prove these properties for simple vertex operator algebras in general. This section is devoted to these examples.
We are working in the setting of [FLM] and we assume that the reader is familiar with the vertex operator algebra V L constructed from an even lattice L. For our purpose, we shall take L to be the root lattice of sl(2, C). That is, L = Zα where α is the unique positive root of sl(2, C) with α, α = 2. Then
where α(−n) for n > 0 are commuting variables and C[L] is the group algebra with basis e β for β ∈ L, 1 = 1 ⊗ e 0 and ω = 1 4 α(−1) 2 . Moreover, (V L , Y, 1, ω) is a simple vertex operator algebra. For λ ∈ C, set u = λα(−1) ∈ (V L ) 1 . Then u has the property given in Proposition 4.1. Recall from [FLM] We find that 
